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1. Introduction
The theory of binary quantum stabilizer codes based on classical additive codes over F4 was de-
veloped in a systematic way by Calderbank, Rains, Shor, and Sloane [5]. It was extended to nonbinary
ﬁelds by Bierbrauer and Edel [3]. In [11], Ketkar, Klappenecker, Kumar, and Sarvepalli proposed a con-
struction of nonbinary stabilizer quantum codes based on classical linear codes over Fq for arbitrary
prime power q.
The topic of this paper is some classes of q-ary quantum stabilizer codes obtained from ﬁnite
projective or aﬃne geometries. We use classical ﬁnite geometry codes [1] to construct several new
inﬁnite families of q-ary quantum codes. The properties of the related ﬁnite geometry structures allow
us to determine or bound all parameters of the resulting codes.
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Calderbank–Shor–Steane (CSS) construction [6,12]. We will make use of the following results which
follow from the q-ary version of the CSS construction:
Theorem 1. (See Ketkar et al. [11].) Let C be a classical linear [n,k,d]q code. (i) If C contains its dual, C⊥ ⊆ C,
then there exists a quantum [[n,2k − n,d]]q stabilizer code.
(ii) If C is self-orthogonal, C ⊆ C⊥ , and d⊥ is the minimum distance of C⊥ , then there exists a quantum
[[n,n − 2k,d⊥]]q stabilizer code.
In this paper, we will use Theorem 1 to construct q-ary quantum codes from linear codes which
are spanned by the incidence matrices of combinatorial designs. In particular, we will focus on designs
arising from ﬁnite geometries.
We refer to [2] for basic terminology and results concerning combinatorial designs. The incidence
matrix of a design with b blocks and v points is a b × v matrix, with rows indexed by blocks and
columns indexed by points. An entry is 1 if the corresponding point is contained in the corresponding
block, and 0 otherwise. The q-ary block code of a design with incidence matrix M is the linear span
of the rows of M over a ﬁnite ﬁeld Fq . We denote the q-ary block code of a design D by Cq(D). The
p-rank of a design D is deﬁned as the rank of its incidence matrix M over Fp , and will be denoted
by rankp D . The dimension of the q-ary block code of a design is equal to its p-rank, for q = pc .
Our constructions will make extensive use of complementary designs. The complementary design D
of a given design D has as blocks the complements of the blocks of D .
If M is an incidence matrix of a design D then J −M is the incidence matrix of the complementary
design D , where J is the all-one matrix of appropriate size. If D is a 2-(v,w, λ) design, then D is a
2-(v, v − w, v − 2r + λ) design, where r = λ(v − 1)/(w − 1).
We will focus on designs derived from ﬁnite geometries. The points and t-subspaces of the m-
dimensional projective geometry PG(m,q) form a 2-(v,w, λ) design, denoted by PGt(m,q), with
parameters
v = q
m+1 − 1
q − 1 , w =
qt+1 − 1
q − 1 , λ =
[
m − 1
t − 1
]
q
,
where
[m
i
]
q is the Gaussian coeﬃcient given by
[
m
i
]
q
= (q
m − 1)(qm−1 − 1) · · · (qm−i+1 − 1)
(qi − 1)(qi−1 − 1) · · · (q − 1) .
The design PGt(m,q) has b =
[m+1
t+1
]
q
blocks, and each point appears in r = [mt ]q blocks.
Similarly, the points and t-subspaces of the m-dimensional aﬃne geometry AG(m,q) form a 2-
(v,w, λ) design, denoted by AGt(m,q), with parameters
v = qm, w = qt, λ =
[
m − 1
t − 1
]
q
.
The design AGt(m,q) has b = qm−t
[m
t
]
q blocks, and each point appears in r =
[m
t
]
q blocks. In the special
case q = 2, AGt(m,2) is also a 3-(2m,2t ,
[m−2
t−2
]
2
) design.
Traditionally, the block code of a design PGt(m,q) or AGt(m,q), q = pc , is considered over Fp [1].
The binary code spanned by the incidence matrix of AGt(m,2) is equivalent to a Reed–Muller code
of order m − t and length 2m . If q = p is a prime, then the p-ary code of AGt(m, p) is equivalent to a
generalized Reed–Muller code, and the p-ary code of PGt(m, p) is equivalent to a non-primitive gen-
eralized Reed–Muller code. The q-ary quantum codes obtained from generalized Reed–Muller codes
have been studied previously in [13,14].
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of aﬃne and projective geometries are subcodes of certain generalized Reed–Muller codes. However,
the dimensions and minimum distances of these codes are not related to the generalized Reed–Muller
codes in any simple manner. We will focus on p-ary quantum codes arising from the block codes of
projective or aﬃne geometries which were constructed over a ﬁnite ﬁeld of an arbitrary prime power
order q = pc . To the best of our knowledge, these quantum codes have not been studied systematically
before.
2. Quantum codes from projective geometry
We begin by studying the parameters of designs and codes obtained from projective geometries.
To determine the dimension of a quantum code obtained from a projective geometry design, it is
necessary to know the p-rank of the design. The p-ranks of the incidence matrices of ﬁnite geometry
designs were computed by Hamada [9].
Theorem 2. (See Hamada [9].) The p-rank of PGt(m, pc) is equal to
R P
(
m, t, pc
)= ∑
(s0,s1,...,sc)
c−1∏
j=0
L(s j+1,s j)∑
i=0
(−1)i
(
m + 1
i
)(
m + s j+1p − s j − ip
m
)
where the sum is taken over all ordered sets (s0, s1, . . . , sc) such that s0 = sc , s j ∈ Z such that t + 1  s j 
m + 1 and 0 s j+1p − s j  (m + 1)(p − 1), and
L(s j+1, s j) =
⌊
s j+1p − s j
p
⌋
.
In general, the code spanned by the incidence matrix of PGt(m,q) is not self-orthogonal. However,
a related code is often self-orthogonal. Since the intersection of projective subspaces is a subspace,
the size of the intersection of two distinct blocks of PGt(m,q) is of the form
qi−1
q−1 (0  i  t), and
there are pairs of disjoint blocks (i = 0) only if t  (m − 1)/2. Consequently, if t > (m − 1)/2, the
intersection of the complements of any two blocks of PGt(m,q) is of size divisible by q, and we have
the following.
Lemma 3. (See Hirschfeld and Shaw [10].) If t > (m − 1)/2, the code Cp(PGt(m, pc)) is self-orthogonal.
The following lemmas establish basic relations between complementary projective geometry codes
and the original projective geometry codes. Throughout, let C = Cp(PGt(m,q)) and C = Cp(PGt(m,q)).
The symbol 1 denotes the all-one vector of appropriate length.
Lemma 4. The codes C = Cp(PGt(m,q)) and C = Cp(PGt(m,q)) are related as follows:
1. C = 〈C ∪ 1〉,
2. C⊥ = C⊥ ∩ 〈1〉⊥,
3. C = C ∩ 〈1〉⊥,
4. C⊥ = 〈C⊥ ∪ 1〉.
Proof. Parts 1 and 2 are due to Hirschfeld and Shaw [10]. For part 3, we use part 1, and the facts
that C ⊆ 〈1〉⊥ and 1 /∈ 〈1〉⊥ (because the length of the code is not a multiple of p). Part 4 follows
from taking the dual of the codes in part 3. 
Lemma 5. dim(C) = dim(C) − 1.
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According to Theorem 1(ii), if a q-ary quantum stabilizer code is constructed from a self-orthogonal
classical linear code C , then the minimum distance of the quantum code is determined by the min-
imum distance of C⊥ . The following theorem gives the exact value of the minimum distance of the
duals of the complementary projective geometry codes, as well as characterizing their minimum-
weight codewords.
Theorem 6. Suppose (m − 1)/2 < t < m, and q = pc , where p is an odd prime or q 
= 2. Let C⊥ =
Cp(PGt(m,q))⊥ . Then the minimum distance d of C⊥ is exactly d = qm−t+1−1q−1 . Furthermore, each word of
minimum weight in C⊥ is a scalar multiple of the incidence vector of a projective (m − t)-space.
Proof. We use the notation cB to denote the incidence vector of a projective subspace B . Let T be a
projective t-space, and let M be a projective (m−t)-space in PG(m,q). Then |T ∩M| = qm−t+1q−1 −|T ∩M|,
where T ∩ M is a projective subspace with projective dimension at most m − t . Thus |T ∩ M| =
qm−t+1−qi+1
q−1 = qi+1 q
m−t−i−1
q−1 for some i ∈ {0,1, . . . ,m − t}. Thus |T ∩ M| ≡ 0 (mod q), and so cM ∈ C⊥ .
Therefore the incidence vector of each (m − t)-space in PG(m,q) is in C⊥ , and so d qm−t+1−1q−1 .
Next, note that a vector c is in C⊥ if an only if c · (1− cT ) = 0 for each block T of PGt(m,q). Thus
(c · 1) − (c · cT ) = 0, and so c · cT is a constant for all T . We consider two cases:
First, suppose that c · cT = 0. Then c ∈ Cp(PGt(m,q))⊥ . It is well known that the minimum distance
of Cp(PGt(m,q))⊥ is at least (q + p)qm−t−1 (see, for example, [1, Theorem 5.7.9]). We compare the
minimum possible weight of c to the desired minimum weight of C⊥:
(q + p)qm−t−1 − q
m−t+1 − 1
q − 1 =
(q − 1)(q + p)qm−t−1 − (qm−t+1 − 1)
q − 1 .
Then the numerator is:
(q − 1)(q + p)qm−t−1 − (qm−t+1 − 1)= (p − 1)qm−t − pqm−t−1 − 1.
As long as q 
= 2, (p − 1)qm−t − pqm−t−1 − 1 > 0, and so the weight of c is strictly larger than our
desired minimum distance. We note that in the case that q is an odd prime, the code is a generalized
Reed–Muller code, and the bound (q + p)qm−t−1 is then tight [1,7].
Next, suppose that c · cT 
= 0. This implies that the support of c intersects every t-space. Thus, the
support of c is a blocking set for t-spaces in PG(m,q). By [4], the smallest blocking sets for t-spaces
are exactly projective (m − t)-spaces, and so c is at least as large as such a space.
Thus in either case, wt(c) q
m−t+1−1
q−1 , and so the minimum distance of C
⊥ is exactly q
m−t+1−1
q−1 .
Finally, let c be a word of minimum weight. By the above argument and [4], the support of c is an
(m − t)-space N in PG(m,q). Suppose that the ﬁrst nonzero coordinate of c is α ∈ Fp . Then α · cN − c
is in C⊥ and has at most wt(c) − 1 nonzero coordinates, and so it must be exactly the zero vector.
Thus c is a scalar multiple of the incidence vector of N . 
Note that in the statement of Theorem 6, we excluded the case q = 2. In this case, the codes are
exactly the classical Reed–Muller codes, which have been thoroughly studied in both a classical and
quantum setting.
We are now ready to give the parameters of the quantum codes based on Cp(PGt(m,q)).
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Sample parameters of p-ary quantum codes obtained from PGt (m, pc).
m t q Rank Quantum code
4 3 4 25 [[341,291,5]]2
5 3 4 301 [[1365,763,21]]2
5 4 4 36 [[1365,1293,5]]2
3 2 8 64 [[585,457,9]]2
4 3 8 125 [[4681,4431,9]]2
2 1 9 36 [[91,19,10]]3
3 2 9 100 [[820,620,10]]3
4 2 9 2760 [[7381,1859,91]]3
4 3 9 225 [[7381,6931,10]]3
3 2 25 1225 [[16276,13826,26]]5
4 2 25 132851 [[406901,141199,651]]5
Theorem 7. Suppose that t > (m − 1)/2, and q = pc , where p is prime. Then the code Cp(PGt(m,q)) gives
rise to a p-ary quantum stabilizer code with parameters
[[
qm+1 − 1
q − 1 ,
qm+1 − 1
q − 1 − 2
(
RP (m, t,q) − 1
)
,
qm−t+1 − 1
q − 1
]]
p
where R P (m, t,q) is given by Theorem 2.
Proof. We use Theorem 1. The code length is the number of points in the projective geometry. The
dimension follows from Hamada’s formula (Theorem 2) and the dimension of complementary codes
(Lemma 4). The minimum distance is given by Theorem 6. 
Corollary 8. The code Cp(PGm−1(m, pc)) gives rise to a p-ary quantum stabilizer code with parameters
[[
qm+1 − 1
q − 1 ,
qm+1 − 1
q − 1 − 2
(
p +m − 1
m
)c
,q + 1
]]
p
.
Proof. The dimension is a simpliﬁcation of Hamada’s formula, due to Smith [15]. The minimum dis-
tance is given by Theorem 6. 
Table 1 gives a few sample parameters of the quantum codes obtained from complementary pro-
jective design codes.
3. Quantum codes from aﬃne geometry
Aﬃne geometries are closely related to projective geometries. However, their natural parallelism
changes some of the related codes in important ways. In particular, the complementary designs will
not play an important role in this case.
The p-ranks of aﬃne geometry designs, and hence the dimensions of their codes, are known in
all cases. They can be expressed simply in terms of the ranks of projective geometries, given in The-
orem 2.
Theorem 9. (See Hamada [9].) The p-rank of AGt(m,q), q = pc , is given by
R A(m, t,q) = RP (m, t,q) − RP (m − 1, t,q).
Lemma 10. The intersection numbers of AGt(m,q) are {0} ∪ {qi: max{0,2t −m} i  t − 1}.
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Sample parameters of p-ary quantum codes obtained from AGt (m,q).
m t q Rank Quantum parameters
4 3 4 25 [[256,206,6]]2
5 3 4 276 [[1024,472,24]]2
5 4 4 36 [[1024,952,6]]2
3 2 8 64 [[512,384,10]]2
4 3 8 125 [[4096,3846,10]]2
3 2 9 100 [[729,529,d⊥  13]]3
4 3 9 225 [[6561,6111,d⊥  13]]3
3 2 25 1225 [[15625,13175,d⊥  39]]5
4 2 25 131625 [[390625,127375,d⊥  940]]5
We note that intersection size 1 occurs if and only if 2t − m  0, that is, if t m/2. If t > m/2,
all intersection sizes are multiples of q. This leads to the fundamental result necessary for creating
quantum codes:
Lemma 11. If t >m/2, then the code Cp(AGt(m,q)) is self-orthogonal.
The minimum distances of the dual aﬃne geometry codes are known only in a few cases, and
bounded in others. The current best known results are summarized in the following two theorems.
Theorem 12. (See Calkin, Key, de Resmini [7].) The minimum distance of Cp(AGt(m,2c))⊥ is (q + 2)qm−t−1 .
Theorem 13. (See Clark, Key [8].) The minimum distance d⊥ of Cp(AGt(m,q))⊥ , where q = pc and p is odd,
is bounded by
4(qm − 1)
3(qt − 1) +
2
3
 d⊥  2qm−t .
If p 
= 3 then
3(qm − 1)
2(qt − 1) +
1
2
 d⊥  2qm−t .
If c = 1 (that is, q is prime), then the minimum distance is exactly
d = 2qm−t .
Using these results, Theorem 1(ii), and Lemma 11, we obtain the following result concerning quan-
tum codes.
Theorem 14. Suppose that t >m/2, and let q be a power of a prime p. Then the code Cp(AGt(m,q)) gives rise
to a p-ary quantum stabilizer code with parameters
[[
qm,qm − 2RA(m, t,q),d⊥
]]
p,
where d⊥ is bounded as in Theorems 12 and 13, and R A(m, t,q) is given by Theorem 9.
Table 2 lists a few sample parameters of quantum codes obtained from aﬃne geometry designs.
Finally, we note that the code of an aﬃne geometry design and the code of its complementary
design are equivalent.
D. Clark, V.D. Tonchev / Finite Fields and Their Applications 18 (2012) 63–69 69Lemma 15. Let C = Cp(AGt(m,q)) and C = Cp(AGt(m,q)). Then C = C.
Proof. Because of the natural parallelism, 1 ∈ C , and thus C ⊆ C . However, the codewords of C cor-
responding to a parallel class of blocks in AGt(m,q) sum to form (qn−t − 1)1, and thus 1 ∈ C as well.
Thus C ⊆ C , and C = C . 
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